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1. Introduction 

Among classical representation theory (of compact group or semi-simple Lie 
algebra), the most important problems are, 

(1) The classification problem: describe all the irreducible representa- 
tions. 

(2) The Clebsch- Gordon problem: given irreducible representations V 
and W, describe the decomposition, with multiplicities, of the rep- 
resentation V ^W. 



For the representation theory of vertex operator algebras, the most impor- 
tant problem is also the classification of all the irreducible representations. 
The difference is that for two irreducible modules U and V over a vertex 
operator algebra A, we can not define the tensor module of U and V. Nev- 
ertheless, we still have the analogue of the Clebsch-Gordon problem via the 
notion of intertwining operators. In particular, for three irreducible mod- 
ules U, V and W over a vertex operator algebra A, we can define the fusion 
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rule N'lfvy the analogue of the Clebsch-Gordon coefficient. As in the classical 
representation theory, the second most important problem in representation 
theory of vertex operator algebras is to determine the fusion rules M^y. 

The Virasoro vertex operator algebras constitute one of the most important 
classes of vertex operator algebras. In [12] it was proved that the vertex 
operator algebras L(cp,g,0) are rational, where (p, g) = 1, p, g > 1 and 
Cp^q = 13 — 6(| + 2). Furthermore, the fusion rules of L{cp^g, 0) were proved 
in [12] using the Frenkel-Zhu's formula (cf. [5]). In the case of L(ci,g,0), we 
cannot prove the fusion rules as in [12] , for Frenkel-Zhu's formula cannot be 
applied to L{ci^q, 0) which is non-rational. In [8] the fusion rules of L(ci,i, 0) 
were proved via two different methods. 

In this paper we prove the fusion rules of L{ci^q, 0) for all g > 1. Roughly 
speaking, we consider L(ci^g,0) as the limit of L(c„^„g_i, 0), where n — > oo, 
and the fusion rules of L{ci^q, 0) follow as the limits of the fusion rules of 

L{Cn,nq-l^ 0). 

In Section 2 we give some preliminary results about the representation the- 
ory of L{ci^q, 0). In Section 3, using the easy part of Frenkel-Zhu's formula, 
we get an upper bound for the fusion rules of L(ci,q,0). In Section 4 we 
establish the fusion rules of L{ci^q, 0) by the limit method . Throughout 
this paper we assume the reader is familiar with the axiom theory vertex 
operator algebras and modules. For more information see[H IH]. 

2. Representation theory of Virasoro vertex operator 

algebras 

In this section we give a short review of representation theory of Virasoro 
vertex operator algebras, details can be found in [21 [3l EJ [TJ |9] . 

First let us introduce some notations. For I = ■ ■ -rf") G P„, set 

ei = ■ ■ ■ L'^2L'\ e UiVtr-),^. 

Then, {ej ■ fc,h|I € P„} forms a basis of the weight subspace M{c, h)h+n- 
Throughout this paper we always adopt the following convention: 

Convention 2.1. We always fix a nonzero highest weight vector Vc^h in the 
Verma module M{c, h) for each c, h, and identify U{Vir~) with M(c, h) by 
sending ej to CfVc^h- 

We recall the following proposition, which will be used in Section 4. 
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Proposition 2.2. (cf.^^)Set n = a(3, c{t) = 13 - 6t - 6t'^ and h = 
KA^) = - - - 1) + - 1)^"^ for e Z>o, then there 
exists 

S'n = ^ fi{c,h)ei G U{Vir~)_ri 

such that SnVc,h ^ M{c,h)h+n is a singular vector, where fi{x,y) E C[x,y] 
and fio{x,y) = 1 for Iq = (1"). 

Let L(ci^q,0) = M(ci^g, 0)/(L(— 1)1) be the simple vertex operator algebra 
associated to Virasoro algebra, then any restricted module over the Virasoro 
algebra with central charge ci,g can be considered naturally as a module 
over the vertex operator algebra L(ci,g,0) (cf.|9]). By the structure theory 
of Verma modules (cf.pj), we know that M{ci^q,h) is irreducible if and 

only a h hi^s = 4^*''^^''^'' ^r any i > 0, < s < g. When h = 

hi^s, M{ci^q, h) has a singular vector of weight hi^s + is which generates the 
maximal proper submodule of M(ci,g, h); denote by L{ci^q, h) the irreducible 
quotient module. 

Now we introduce the definition of intertwining operator and fusion rule for 
a triple of modules of vertex operator algebra (cf. [1]). 

Definition 2.3. Let Wi, W2 and be three modules over a vertex operator 
algebra V , a linear map Wi ® W2 — > W^sja:} or equivalently, 

Wi {Hom{W2,W3)){x} 



w I— !■ y{w,x) = y WnX " ^ {where Wn G Hom{W2, W3)) 



^ -n-l 



W3 



is called an intertwining operator of type ( ^ ^ ) if it satisfies: 

1 (The truncation property)For any Wi G Wi, W2 G W2, {wi)nW2 = 
for n sufficiently large; 

2 (The L^i- derivative formulajFor any w G Wi, 

y{L^iW,x) = -^y{w,x); 
ax 

3 (The Jacobi identity) For any v E V and Wi G Wi, 

Xq^6{— — —)Y{v, xi)y{wi, X2) 

Xo 

-x^^6{— — —)y{wi, X2)Y{v, xi) 

-Xo 



4 XIANZU LIN 

= x^^6{— — —)y{Y{v,xo)wi,X2). 

X2 

Intertwining operators have the following basic property (cf. [4j): 

Proposition 2.4. Let Wi {i = 1, 2, 3) be lowest weight V -modules with 
lowest weights hi, thus Wi = ®neNWi{n) , where Wi{n) is the LQ-eigenspace 
of W with eigenvalue n + hi (see [10] for definition and notations about 
lowest weight V -modules) . Let y{-,x) be an intertwining operator of type 

then y{-,x) has the following form: 



y{w,x) = J2w{n)x-''-^x-''^-''^+''\ 

such that for any w G Wi{k) 

w{n)W2{m) C Wsi^m -\- k — n — 1) 

Set /( y^y^ ) to be the vector space of all intertwining operators of type 

( yj^-^ )i its dimension M^'^y^r. is called the fusion rule of type ( y^yy )• 

In the next section we need the symmetry property of fusion rules, i.e., 
■^wtw2 ~ ■^W2Wi (cf-S)- The main result of this paper is the following: 

Theorem 2.5. 

^ ^ ^ 1, if there exists i G Ai^^i^, 

■^L{ci,J,/iif,lj,L{ci,q,h,2,,2) ^1 ^ ^ ^si,S2 that /ijg^ss = hi^s, 



0, otherwise. 



where i„ > 0, < s„ < g (n=l,2,3) and Am,n = + n — l,m -\- n — 
3, • • • , |m — n| + 1}. 

In the case q = 1, our result coincides with the fusion rules proved by Milas 
in 0. 

Let Zi = 3, Si = 1, i2 = 2?7, — 1 and S2 = i, then the corresponding fusion 
rules can be written formally as 



L(C1,5, 2g - 1) (8) L{ci^q, /l2n+l,i) 
L{Ci^q, h2n-l,i) © -^(Cl,g, /i2n+l,i) © -^(Cl,g, /i2n+3,j) 



It is just the Formula 3.18 in [T]. 
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Recall that to a vertex operator algebra V, we can associate the Zhu's 
algebra A{V), and for each lowest weight \^-module M, the lowest weight 
space M(0) has a natural structure of A (V^) -module. More generally, for 
each l^-module M, define 0{M) C M to be the linear span of elements of 
type 

n _|_ ^yeg a 

ReSz{Y{a, z) ^ m) 

where a E V and m G M, and let A{M) be the quotient space M/0{M), 
then A{M) has a natural structure of an y4(l^)-bimodule. We recall the 
following useful result (cf.|5]). 

Proposition 3.1. For each suhmodule Mi of M, A{Mi) is a suhmodule of 
the A(y)-himodule A{M), and the quotient A{M) / A{Mi) is isomorphic to 
the himodule A{M/Mi). 

In the case of Virasoro vertex operator algebras and Verma modules, we 
have the following results (cf.[5l [6]). 

Proposition 3.2. Set Vc := M(c, 0)/(L_il), and let C to be the subalgebra 
of Vir~ spanned by 

L-n-2 + 2L_„_i + 

for n > 1. Then 0{Vc) = C.Vc and A{Vc) = Ho{C,Vc). In the case of 
M{c,h) (resp. the irreducible quotient L{c,h)), we also have 

0{M{c, h)) = C.M{c, h) 

{resp.O{L{c, h)) = C.L{c, h)) 

and 

A(M(c, h)) = HoiC,M{c, h)). 
{resp.A{L{c, h)) ^ Ho{C, L{c,h))). 

Proposition 3.3. We have an isomorphism of associative algebra: 

A{V,) ^ C[x]] [w]" x", ne Z>o. 

For Verma module M{c,h), the A{Vc)-bimodule A{M{c, h)) is isomorphic 
to C[x,y], where the highest weight vector Vc,h represents 1 G C[x,?/], and 
the left and the right actions of A{Vc) are given by 

X ■ f{x,y) = xf{x,y), 

f{x,y) ■x = yf{x,y), 

for any f{x,y) G C[x,y]. 
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Proposition 3.4. When we represent A{Vc) (resp. A{M{c, h))) by elements 
ofVc (resp. M{c,h)), the left and right actions of A{Vc) on A{M{c,h)) are 
given by 

[cu][v] = [(L_2 + 2L_i + LoH, 
[v][u] = [iL_2 + L^i)v], 
for any v G M(c, h), where u = L„2-^- 

In the following Wi {i = 1,2,3) will always be lowest weight V^- modules with 

lowest weights hi. Let y(-, x) be an intertwining operator of type ( tt^^t^ )• 

Wi W2 

By Proposition I2.4[ we can define a linear map oy from iyi(8>W2(0) to ^3(0) 
by sending wi ® W2 {wi G Wi{n), W2 G 1^2(0)) to Wi{n — l)w2. It can be 
proved that wi{n — l)w2 = for wi G 0{Wi), and oy induces an A(y)- 
homomorphism 

7r(3^) : A{Wi) ^^2(0) ^ W^{0). 

Thus we get a linear map: 

: /( ^^^^ ) ^ HoniAivMiW^) ^Aiv) 1^2(0), 1^3(0)) 

The Frenkel-Zhu's formula (cf-I^Sj) states that tt is an isomorphism if Wi {i = 
1,2,3) are irreducible modules; it was pointed out in [iO\ that this formula 
only holds for rational vertex operator algebras, and for more general vertex 
operator algebras, we have the following proposition (cf.|10]). 

Proposition 3.5. IfW^ is irreducible, then 

TT : /( ^^^^ ) ^ HoniAivMiWi) 1^2(0), 1^3(0)) 

is injective. 

Now we follow the treatment in §9.3 of [6]. Firstly, we consider the three 
L(ci^g, 0)-modules L(ci^g, where i„ > 0, < < g (n=l,2,3). We 
want to compute the dimension of 

By Proposition |3l2l its dual space is isomorphic to the simultaneous eigenspace 
of the left and right actions of [u] on Hq{C, L{ci^q, hi^^si))* = H^i'^, -^(ci,q, ^ii,si)*) 
with the eigenvalues —hi^^s3 and —hi^^s2 respectively. Denote this eigenspace 
by L(ci,g, /iii,sj*)("''*3>=3 -'*'2.''2) then the dual of the surjection 
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induces an injection 

The argument in §9.3 of [6] shows that M(ci,g, /iii,sJ*)(-'*^3.»3 -'^'2,''2) 

is one- dimensional, and i is an isomorphism if and only if 

(1) Pii,si(y hi^^s2i ^«3.S3 "I" ^njSi ' •?) ~^ 

where Pa,i3{a,b] ^) G C[a,6, ^,^^^] satisfies 

k=0 1=0 

= [{b -a)- {ki^ - /r^){(« - - (/3 - or^}] 

X [(6 - a) - {(fc + - (/ + i)r^}{(« - k - 1)^5 - (/^ - / - 

+{(a-2A;-l)e^-(/3-/-l)r^}'a. 
Direct computation shows that Equation ([T]) is equivalent to the equation 

ii-l si-1 

JJ^ ]^(^j3,S3 ~ hix+i2-2k-l,Sx+S2-2l-l){hi3,S3 " ^- ii +j2+2fc+l,-Sl+S2+2/ + l ) = 

fc=0 l=Q 

Now combining the symmetry property of fusion rules and Proposition 13.51 

yields Mi}^;;;^^^Lic,,,M2.2) - ^' ^"""^ ■^^£"i^;^J,L(cl,,,/^.,,,) = 1 only if 
the following two equations hold: 

il — 1 si — 1 

n n ''^*3,S3 ~ ^ii+i2-2A;-l,si+S2-2«-l)(^i3,S3 ~ ^-n+i2+2fc+l,-si+S2+2«+l) = 0; 
fc=0 1=0 

12-1 S2-1 

Y\ n(^i3,S3 ~ ^n+j2-2fc-l,Sl+S2-2Z-l)(^i3,S3 ~ ^n-j2+2fe+l,Sl-S2+2/+l) = 0. 
k=0 1=0 

For each m,n > 0, set A^.n = {m + n — l,m + n — 3, ■ ■ ■ ,\m — n\ + 1}. 
Then one checks that these two equations are equivalent to the existences 
of i G Ai-^^i^j s G As-^^S2 such that hi^^s^ — hi^s- 

To sum up, Ktl[S7,[l'^Mc.,,,h^2,s2) - ^ ^^""^^ ^"^^""^^ ' ^ ^'1'*^' * ^ ^^^'''^ 
such that /ii3,,3 = and AA^(t;j;^'^^^^^^^^ = otherwise. 
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4. Construction of intertwining operators 



In this section we fix three L(ci,q, 0)-modules L{ci^q, hi^^sn) = 1j2,3), 
where > 0, < s„ < g, and assume that there exists i G Ai^^i^, 
s G ^si,s2; satisfying hi^^s^ = hi^g- The purpose of this section is to construct 

a nonzero intertwining operator of type ( ^/ i^ \ )• Set 

Ck = Ck,kq-i, = . It can be deduced from Propo- 



4k{kq-l) 

sition [22] that the Verma module M{ck, h'^) has two singular vectors fj„ 
■^fc-in.fcg-i-sn, of levels inSn and {k — in){kq — 1 — s„) respectively. Moreover, 
the maximal submodule of M{ck, h^) is generated by and Vk-i„,kq-i-sn,] 
denote by L{ck, h^) the irreducible quotient. When k is large enough, by the 
fusion rules of L{ck, 0) there exist a nontrivial intertwining operator 3^fc(-, x) 
L(ck h'') 

of type ( r /■ 1 k\ T 1 k\ )■ Our method is to get the desired intertwin- 
^ L{ck,hl) L{ck,h^) ' ^ 

ing operator from the limit of 3^a;(-,x) as k approaches infinity. Hence from 

now on we always assume that k is large enough when needed. We say that 

a sequence of monomials (afcx"'^) converges to the limit ax" 

lim akX^'' = ax^ 

if (afe) and (n^) converges to the limits a and n respectively. The following 
proposition is crucial for our construction. 

Proposition 4.1. As a left A{L{ck,0)) -module, A{L{ck, h^)) is generated 



Proof. Combining Proposition 13. 2^ [3. 31 and 157^ implies the formula = 
{ny — X + wt{v))[v] in A{M{ck, h^) for each homogenous v G I/(cfc, /i^) 
(recall the identification A(M(cfc,/i^)) = C[x, ?/] in Proposition 13. 3p . From 
this formula and Proposition 12.21 we have 

[L™]^t>c^ /jfc] = (x — y)"^ + lower terms 

and 

[SiuSr.Vc^,hk^ = K,sJ = {x- yY"'" + lower terms 

in A(M(cfe,/i^)) = C[x,y]. Now by Proposition EUl [S^„s,,Vck,h{\ lies in 
the kernel of the surjective morphism A{M{ck, h^)) -» A{L{ck, h'^)), hence 
A{L{ck, h'^)) can be generated, as a left A{L{ck, 0))-module by 

□ 
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Now we are well prepared for the construction. It suffices to construct a bi- 
linear pair -J (with value in C{a;}) between (L(ci_q, hi^^g^))* and L{ci^g, hi^^g^) 
L{ci^g, hi^ s^) that satisfies the corresponding properties. The construction 
is divided into several steps. 

Step 1. Let v' e L{ci^q, hi^^sa)^^)* = M{ci^q, hi^^sa){0)* be defined by 
f '(fci q./tig = 1- By Convention 12.11 we also consider v' as an element of 
M(cfc, h'^){0)* in the following. For each homogenous Vi G M(ci^g, /iii.sj and 
V2 = Vc^ ^^hi^ \v',Vi is defined as follows: 

Set a'l = v^^^hk,al = L^iv^^^^^, ■ ■ ■ , af^,^ = Vj^'"'^v^^^f,k in M(ci,g, /ii,,,J. 
Consider the iiSi sequences 

{v',yi{als^,x)vc,,hl), {v',y2{alg^,x)v^^^h0, ■■■ , {v',yk{alg^,x)v^^^,^k), ■ ■ ■ 

We know that for each k, there is some i such that (f ', ykiaf, x)v^^ j^k) 7^ 0, 
otherwise, by Proposition [33] and |4]T1 y^ will be zero. As {v', 3^fc(af , x)v^^^^k) 
is the derivation of ', 3^fc(af^_i, x)f^^^^fc), hence (f', 3^fc(of , a;)f^^^^fe) 7^ for 
each i. Thus after multiplying each y^ by a suitable nonzero constant, these 
iiSi sequences converge to monomials /2(x), ■ ■ ■ , fi^si{,x) G C{x} re- 

spectively and 7^ 0. Now assume that the sequence 

{v\ 3^i(f ,x)fc,,/,i), {v\ y2{v,x)v^^^hi), ■■■ , {v\ yk{v,x)v^^^y^k), ■ ■ ■ 

converges for a homogeneous v G M (ci g, hi^^^^), where we also consider v as 
element of M{ck,h^) by Convention 12. 1[ Then the sequences 

{v', yi{Lov, W, y2iLov, x)v^^^^), ■ ■ ■ , {v', ykiLov, x)v^^ hk), ■ ■ ■ 

and 

{v', 3^i(L_if , x)fci,/,i), {v', y2{L-iv, x)t;,2_ft2), ■ ■ ■ , {v', yk{L_iv, x)v^^^h0, ■ ■ ■ 
also converge. As the left action of A{Vc) on A{M{c, h)) is given by 

[u][v] = [(L_2 + 2L_i + LoH, 
by the construction of the linear map vr in §3, we see that 

{v',yi{L_2V,x)v^^^hl), {v',y2iL-2V,x)v^^^h0, ■ ■ ■ , {v',ykiL_2V,x)v^^^j^k), ■ ■ ■ 
also converges. By induction and the equality [L_„,L_i] = (1 — n)L_„_i, 

{v', yi{L_nV, {v', y2{L-nV, x)v^^^hl), ■ ■ ■ , {v', yk{L_nV, x)v^^^hk) , ■ ■ ■ 
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also converges for each n > 0. As M(ci,g, hi-^^sj is generated by the highest 
weight vector Vc^h, we conclude by induction that for each homogeneous 
Vi G M{ci^q, hi-^^si), the sequence 

converges; let \v', vi ® f 2J be the limit and the Step 1 is complete. 

Step 2. For any Vi G M(ci,g, /ij^^^ J and V2 G M{ci^q,hi^^s2) we want to 
define \v' , vi ® f 2J as the limit of the sequence 

(2) (:v\yi{vi,x)v2), {v',y2{vi,x)v2), " " " , (w', 3^fc(wi, a;)w2) , ■ ■ ■ 

Thus we need to show that the limit of the sequence ([3]) exists for each 
Vi G M(ci,g, /ijj^sj and V2 G M{ci^q, hi^^g^). The Step 1 shows that when 
V2 = Vc-^ ^^hi^ the limit exists. Thus by induction, it suffices to prove that 
if the limit of the sequence (|3]) exists for any vi G M(ci^q, /iii,<ij and a fixed 
V2 G M(ci^g, /iia.sa)) then the limit of the sequence 

(3) {v\yi{Vi,x)LnV2), {V ,y2{Vi,x)LnV2), ■ ■ , {v' , yk{vi, x) LnV2) , ■ ■ ■ 

also exists for any vi G M(ci^g, /ij^.^J. But this follows directly from the 
following identity: 



Now we conclude that the limit of the sequence ([3]) exists for any V2 G 
^(ci,g,/in,si)- Set 

\v',Vi®V2\ = lira {v',yt^{vi,x)v2), 



and the Step 2 is complete. 

Step 3. Now we want to define [^3,^1 ® f 2J for any vi G M{ci^q, hi-^^sj, 
V2 G M(ci,g, /ijj^sa) and v'^ G L{ci^q, hi^^sa)* C M{ci^q, hi^^ssY ■ 

Lemma 4.2. For any I G Vn, i^-iv' ,yk{vi,x)v2) converges to a finite limit 
as k approaches infinity. 

Proof. By induction on the length of I, this lemma follows directly from the 



{v',ykiVi,x)LnV'2) = {v',LnykiVl,x)v2) 




i=0 





□ 
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By Convention I2.H we can identify M{ci^q, hi^^ss)* with M{ck, h'^)* ■ Un- 
der this identification, L{ck,h\)*{n) converges to L{ci^q,hi^^sz)*{.''^) as k ap- 
proaches infinity. As L{ci^q, hi^^sa) is irreducible, L(ci,g, /lig^sg)* is generated 
by L{ci^q, hi^^ssYi^) = Cv' as a module over Vir~, thus we can choose a sub- 
set {Ii, ■ ■ ■ , Is} of Vn such that en^f', ■ ■ ■ , ei^v' form a basis of L(ci,g, hi^^s^Yin). 
Then it is easy to see that ei-^f ■ ■ ■ , ei^v', as elements of M{ck, h'^)*, form 
a basis of L{ct,^, h'^)*{n), and converge to en^f', ■ " " > cn^'f^' respectively in 
M{ci^q, hi^^s^y as A; approaches infinity. 

Now for any homogeneous fg G L{ci^q, hi^^ssYin) we can choose a f 3 ^ e 
L(cfc, /i3)*(n), such that the sequence 

converges to fg. If we write 

^3 = aiei^v' H h a^ei^w', 

and 

^3,fc = o-i,kei^v' H h tts^keiy, 

then, for each z the sequence 

converges to . By Lemma 14.21 we can set 

\v'^,vi®V2\ = lim {v'^^,yk{vi,x)v2), 

fe— i>oo ' 

and it is easy to see that this setting is independent of the choice of the 
sequence 



Step 4. Now we check that the pairing - J induces an intertwining oper- 
ator of type 



M{ci^q,hi^^si) M{cl^q,hi^^S2) 

It suffices to verify the L_i-derivative formula 

^ \v'r^, Vi (g) V2\ = \v'^, L^iVi (g) V2\ 
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and the Jacobi identity 

Xq 

-Xq^5{- — —) [173, vi ® Y{v, xi)v2\ 

—Xq 

= x'^6{ ^^ ^ ^° )\v'^,Y{v,xo)vi (8)f2j, 

where v G L{ci^q, 0) (this form of Jacobi identity follows from the graded dual 
module structure of L{ci^q, hi^^s^,)* defined in §5.2 of [4j), and the truncation 
property follows as a consequence. 

The L_i-derivative formula follows directly from our definition of [■, - J and 
the fact that the derivation ^ commutes with the limiting operation. As 
we have identified M(ci,g, /ij^^si) (resp. M(ci^g, /ii2,s2)) with M{ck,h\) (resp. 
M(cA;,/i2)), we can also identify L(ci^g,0) with M(cfc, 0)/(L(— 1)1) accord- 
ingly. Then, it is easy to see that the coefficients of Y{v^xq)vi (resp. 
F(f,Xi)f2), as elements of M{ck,h'l) (resp. M{ck, h2)), converge to the 
corresponding coefficients of Y{v,xo)vi (resp. Y{v,xi)v2), as elements of 
M{ci^q, hi-^^si) (resp. M(ci^g, /ijj^sj)). If we choose, as in Step 3, a v'^^i^ e 
L{ck, h^y for each k, such that the sequence 

converges to v'^, then the coefficients of Y{e^^^^{—z~'^)^°v,Xi^)v'2^i^ converge 
to the corresponding coefficients of Y(e^'^^'^{—z~'^)^°v,Xi'^)v'^. Now the Ja- 
cobi identity of [■, - J follows from the Jacobi identities of yk and Step 4 is 
complete. 

Step 5. Show that [^3,^1 0^2] =0 if Vi lies in the maximal proper 
submodule M'(ci^q, /ij^^^J of M(ci^g, /ij^^^J. Let M'{ck,h\) be the maximal 
submodule of M{ck, h^), then by Proposition 12.21 M'ici,. h\){n) converges to 
^'(ci,g, /iji,sj(n) for each n as k approaches infinity. Thus there exists a 
vi^k G M'{ck, hi) for each k, such that the sequence 

• ■ ■ Vi^k, Vi^k+l, Vi^k+2 ■ ■ ■ 

converges to vi. Using the argument in Step 3 we see that 
\v2,vi^V2\ = \im {v'2f^,ykivi^k,x)v2) 

where 

■ ■ ■ ^3,k^ "^S.fc+l' '^3,k+2 ' ' ' 
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is the sequence converging to fg in Step 3. Since 3^fc(-,x) is an intertwining 

L(ck h'') 

operator of type ( ^^^^ j^^^'^ ), {v'3^k^yk{vi,k,x)v2) = 0, and Step 5 



is complete 



Step 6. Show that [1^3,^1 ® ^2] = if f 2 hes in the maximal proper 
submodule M'(ci_g, hi^^s2) of M(ci^q, hi^^g,^). It suffices to repeat the argument 
in Step 5 and we omit the details. 

From the above construction we see that the pairing - J induces a nonzero 

Lie h- ) 

intertwining operator 3^ (■, x) of type ( j, , u \ ) such that 

-^ICi^q, rii^^si) -^ICi^g, 1112,82) 

[fg, Vi ® = (fg, y{vi, x)v2). Thls complctes the proof of Theorem 12.51 
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